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Abstract 

We show systematically the relation between a iV = 2 nonlinear super- 
symmetric (NLSUSY) model and a iV = 2 SUSY QED theory by means of 
the superfield formulation in two dimensional spacetime without imposing a 
priori any special gauge conditions for a gauge superfield. 
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Nonlinear/linear supersymmetry (NL/L SUSY) relation, i.e. various LSUSY tlic- 
ories (with spontaneous SUSY breaking) represented in a NLSUSY-model back- 
ground is important to investigate the low energy particle physics of NLSUSY gen- 
eral relativity (GR) [1] in the SGM scenario [2]. In the NL/L SUSY relation L 
supermultiplets are realized as the (massless) eigenstates of spacetime symmetry in 
terms of SUSY composites of Nambu-Goldstone (NG) fermions, which are called 
SUSY invariant relations. Recently, the relation between the NLSUSY model [3] 
and interacting LSUSY (Yukawa-interaction and QED) theories has been shown 
[4, 5] for (realistic) N = 2 SUSY in two dimensional spacetime {d = 2) through 
the SUSY invariant relations, which gives new insights into the cosmology and the 
low energy particle physics of NLSUSY GR [6]. Furthermore, the = 2 LSUSY 
Yukawa-interaction theory (for a vector supermultiplet) in NL/L SUSY relation has 
been discussed systematically by means of the d = 2 superfield formulation without 
imposing any special gauge conditions for a general gauge superfield [7]. 

In this letter we show systematically the relation between the N = 2 NLSUSY 
model and the N — 2 SUSY QED theory by using a. d = 2, N = 2 general gauge 
superfield [8, 9] and without imposing a priori any specific SUSY gauge conditions 
in contrast with Ref.[10]. Also, it is crucial for the SGM scenario to attribute 
straightforwardly LSUSY actions to a NLSUSY action [3] alone and N — 2 SUSY 
is the minimal and realistic one in NLSUSY GR. 

Let us introduce N = 2 SUSY invariant relations for vector and scalar super- 
multiplets in d = 2. Those are obtained from the superfield formulation as briefly 
explains below. The N — 2 general gauge [8, 9] and the N — 2 scalar (for ex- 
ample, see [11]) superfields on superspace coordinates (x",^^) (i = 1,2) are given 
respectively by 

V(x, 9) = C{x) + ¥K\x) + -¥9m'^{x) - -9'9'M"{x) + \e'^¥-i^9^ (t){x) 

--e'^9'-,a0'v"{x) - -¥e'e^X>{x) - -9'9'9^9W{x), (1) 
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¥{x, 9) = B\x) + ¥x{x) - e'^9h{x) - ]-9^9^F\x) + ¥9^F^{x) - i¥^B^{x)9^ 

+y^9^{9'^x{x) - ^H^^v[x)) + \9^9^9^9^uB\x), (2) 
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where we denote the component fields in the gauge superfield (1) by (C, D) for 
two scalar fields, (A*, A') for four (Majorana) spinor fields, for a pseudo scalar 
field, for a vector field, and M^^ = M^'^^ {= \{M'^ + M^*)) for three scalar fields 
(M** = S^^ M^^), while in the scalar superfields (2) by B^ for two scalar fields, (x, u) 
for two (Majorana) spinor fields and for two auxiliary scalar fields. Defining 
the following specific supertranslations [11, 12] of superspace coordinates (a;",6'*) 
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depending on the (Majorana) NG fermions '0' in the NLSUSY model, 



X 



.la 



9' - Ki/j' 



(3) 



with the constant k whose dimension is (mass) ^, and considering the N — 2 super- 
fields (1) and (2) on the specific coordinates (3), i.e. 



lead to the SUSY invariant relations. Indeed, the superfields (4) can be expanded 
in the power series of 9^ as 



<l'(a;, 9) = B\x) + 9'x{x) - e'^9^u{x) - -9^9' F\x) + 9'9^F^{x) + • ■ • , (6) 
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where the component fields {C{x),A.'^{x),M^^{x), ■ ■ •) and {B'^{x),x{x),i>{x), F'^(x)) 
are expressed in terms of ■0' and the initial component fields in Eqs.(l) and (2), 
whose explicit forms are given in Ref.[13] for Eq.(5), while those for Eq.(6) are 
obtained by straightforward calculations as [11] 

B' ^ B'- K{ip'x - e'^ip^iy) - -K^ip^ij^ F' - 2ijj''ijj^F^ + 2i%lj'^B^%lj^) 

1 - i - 1 - - 
K^llj'll)^i)^UB' - -K^^F'^'lp^lp^ - -K*axip'ifj'ilj^ip^, 
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= + iK{i)'^x + e'^^^^u) + ^K^^^il;^OB' - k^-^'^/j^OB^ - iK^xj^'^F^ip^ 
--K^i^^^/j^i^'Dx + e'^^^Uv) + -K^^^iP^ip''ijj''nF\ (7) 



V{x, 9) = V{x', 9'), ^\x, 9) = ^\x', 9'), 



(4) 



V{x,9) 




(5) 
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Then, we can impose the (simplest) constraints, which are SUSY invariant [11, 12] 
and ehminate other degrees of freedom than -0*, as follows; 



C ^ = M'^ = ^ = 1}" = A' = 0, D = -. 

K 

K 



(8) 
(9) 



with arbitrary real paramaters ^ and (^*. By solving the SUSY invariant constraints 
(8), the SUSY invariant relations for the N — 2 vector supermultiplet are given in 
all orders of -0* as [13] 



c = 






— -^k'^iI^^'iIj-'iI}-'\w\, 






= 








A* = 




D = 


^1 1 



K 



(10) 



while by solving Eq. (9) the SUSY invariant relations for the N — 2 scalar supermul- 
tiplet can be calculated in all orders of V^', whose explicit forms have been obtained 
(heuristicly) in Ref.[4] as 



x = C 



Zi 

1 



-K -f ^^^^ - f \w\, 



1 



K I 8 J 



(11) 



Here we give Eqs.(lO) and (11) as the form containing some vanishing terms due 
to (i/^')' = 0) \w\ is the determinant [3] which induces a spacetime-volume 
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differential form describing the dynamics of -0', i.e. in d — 2, 
\w\= det(w"b) = det{S^ + fb) 

= 1 - mW^r - ^K^'e'^^i^'i^'dai^'i^dki^^ + i^'-f^i^^ dai^'d^i^^) (12) 

with = — zK^'?/;*7"5b'0'. 

Let us discuss below the relation between a, N = 2 NLSUSY action and a, N = 2 
SUSY QED one under the SUSY invariant relations (10) and (11) in the superfield 
formulation. The N = 2 NLSUSY action is given by [3] 



'Ar=2NLSUSY 



^1,/ A M. (13) 



On the other hand, the general N = 2 SUSY QED action constructed from the 
superfields (1) and (2) is defined as 

Qgen. _ Qgcn. , qgcn. , qgen. . qgen. fTA\ 

^iV=2SUSYQED ~ ^Vkin ^VFI T" "^^kin \^^) 



with 



Svun [d'^xU (fe' {Dm^^D'W^ + D'WtD'wt)] , (15) 

o2 J yj ) gi=o 



S^7i=^Jd'xJd'e'V, (16) 



1 

2k 

Sf^^ + Sr = / d'x J d'e^ e-^^^($^y, (17) 

where we denote the kinetic terms for the vector supermultiplet by Sy^^^, the Fayet- 
Iliopoulos (FI) term by S'ypj, and the kinetic terms for the matter scalar supermul- 
tiplet and the gauge interaction terms by S'l^"^ + Sf^^- , respectively. In Eq.(15), the 
scalar and pseudo scalar superfields, W"-' and , are 

y^ij ^ D'D^V, = D'^^D^V (18) 

with/}* = -^^-i^O'. InEq.(17), e means a gauge coupling constant whose dimension 
is (mass)^ in d = 2. 
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By changing the integration variables in Eq.(14) from (x, 6'^) to {x', 9'^) of Eq.(3) 
under the SUSY invariant constraints (8) and (9), we can show that 

(•^Vkin + ^VFl)!^) = ^^'5iV=2NLSUSY, 

(^Ikin + Sr-m = -(e)'5iV=2NLSUSY, (19) 

where we have used a Jacobian calculated as [13] 

J(x, 9') = \w\ det{5l - iKVbV^S"^') (20) 

with Va = {w~^)c!'db. Therefore, N ^2 SUSY QED action (14) exactly reduces to 
the iV = 2 NLSUSY action (13), i.e. 

'S'|f=2SUSYQED('0) = 'S'Ar=2NLSUSY, (21) 

when — {^"^Y — 1. Note that the FI term (16) indicating spontaneous SUSY 
breaking gives the correct sign of the NLSUSY action in the relation (21). Also, the 
gauge interaction terms in Eq.(17) vanish (nontrivially) in NL/L SUSY relation, i.e. 

5f°(V') at 0{e) ^^j (fx j d''9' eV($^y(V') = 0, (22) 

and the higher order terms in S'|'^'^ ('0) at 0(e") (n > 2) vanish due to ('0')'"^ = 0. 

Here we explain the relation (22) in the explicit component form. The gauge 
interaction terms at C(e) are written in component form as 

ST' at 0{e) = (5° + SI'-"-) at 0{e) (23) 

with 

S° at 0(e) = j cfx e |i^;oaX7"i^ - e'h^B'daB^ + A^x^' + e'^X^uB^ 

-^DoiB^ + ^Aoixx + 1^1^) - 00X75^^}, (24) 
Sl^- at 0{e) = JcPxe {-2C{F'y + 2{A'xF' - e'^A'uF^) 

+AoB'F' - 2M'^B'F^ + ■ ■}, (25) 
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where and S'g^'^" mean the actions written in terms of only the fields for the 
minimal off-shell vector supermultiplet and in terms of the fields including the re- 
dundant (subsidiary) components, respectively. In Eqs.(24) and (25) gauge invariant 
quantities [7, 14] are denoted by 

{Ao, 00, Foab, Xi, Do) = {M'\ (f>, Fab, y + D + DC), (26) 



with Foab = daVob — dbVQa, Fab = ^a^ft — dbVa- The quantities (26) are invariant 
{voa = Va transforms as an Abelian gauge field) under a SUSY generalized gauge 
transformation, 6gV = -l-aA^, with an arbitrary real parameter a and generalized 
gauge parameters A* in the form of the N — 2 scalar superfields, and the fields 
(v4o, 00, Voa, Ag, -Do) constitute the minimal off-shell vector supermultiplet [7]. 

By directly substituting the SUSY invariant relations (10) and (11) into the 
actions (24) and (25), we obtain 

5°(^) at 0{e) = J cPx {^e<(eTV^^V'^'^'^'} , (27) 

Sl^-ii^) at 0{e) = J cPx |-ieKe(e)'VS^'^VV'} , (28) 

which show Eq.(22) by means of nontrivial cancellations among the four NG fermion 
self-interaction terms (the condensations of if)^) (27) and (28). 

As for the relation between the N = 2 NLSUSY action (13) and the N = 2 
LSUSY QED action for the minimal off-vector supermultiplet {Aq, (j)o,voa, Xq, Dq), 
the terms (28) for the redundant (subsidiary) structure of S'I^^^susyqed can be 
absorbed into terms, |(F')^, in Eq.(17) by defining the generalized (relaxed) SUSY 
invariant relations for the auxiliary fields [5], 

F'\il;) = F^(V^) - ^cK^^f V'^V^V^V'' (29) 

with F^{i/j) in Eq.(ll). Then, the general SUSY QED action (14) reduces to the 
LSUSY QED action for the minimal off-shell vector supermultiplet in NL/L SUSY 
relation, i.e. 

'^f=2SUSYQED(^) = '5^=2Susyqed(^) \f^f' + [surface terms] = 5jv=2nlsusy, (30) 

when — (^*)^ = 1. The 5'^=2susyqed Eq.(30) means the local U{1) gauge 
invariant and N = 2 LSUSY QED action given by [5] 

'5Af=2SUSYQED = ^Vkin + '^'vFI + 'S'^kin I i'^^-F'' + (31) 
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with 




(32) 



Therefore, from Eqs.(21) and (30) we can show the relations for the N — 2 SUSY 
QED action in the AT = 2 NL/L SUSY relation, 



without imposing a priori any special gauge conditions for the general gauge super- 
field (1). 

We summarize our results as follows. In this letter we have argued systematically 
about the relation between the = 2 NLSUSY model and the = 2 SUSY QED 
theory in d = 2 superfield formulation. Based on the SUSY invariant relations (10) 
and (11) which are obtained from the (simplest) SUSY invariant constraints (8) and 
(9), we have attributed straightforwardly the general N — 2 SUSY QED action (14) 
to the iV = 2 NLSUSY action (13) in Eq.(21). By studying the relation (22) in 
the explicit component form, we have found that it vanishes due to the nontrivial 
cancellations among the four NG fermion self-interaction terms (the condensations 
of V'*) (27) and (28). Since the generalization (relaxation) of the SUSY invariant 
relations for in Eq.(29) absorbes Eq.(28) for the redundant (subsidiary) structure 
of the action (14) into the iV = 2 LSUSY QED action (31) for the minimal off-shell 
vector supermultiplet as in Eq.(30), the relations for the N = 2 SUSY QED action 
in the N = 2 NL/L SUSY relation has been shown in Eq.(33) without imposing a 
priori any special gauge conditions for the general gauge superfield (1). 

The similar results are anticipated in d = 4 and the investigation is important, 
and the extension of the arguments in NL/L SUSY relation to large TV is crucial in 
the SGM scenario. The SUSY Yang-Mills extension of the present arguments is an 
interesting problem. 



'S'iv=2NLSUSY — 'S'If=2susYQED — '5'Ar=2SUSYQED I + [surfacc tcrms] , 



(33) 
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